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Abstract 

The main objective of this work is to develop a set of integrated 

computational tools that can be employed to design Ni-base 

superalloys.  In particular, we developed reliable thermodynamic, 

kinetic and lattice parameter databases for the Ni-Al-Mo 

superalloys by combining first-principles calculations and 

CALPHAD (CALculation of PHAse Diagrams) technique.  

Microstructural evolution of ’ precipitate particles was predicted 

using a quantitative phase-field model that is linked to the 

thermodynamic, kinetic and lattice parameter databases.  

Computational results of ’ coarsening were compared with 

literature data on particle sizes measured during aging 

experiments in binary NiAl alloys.  The integrated multiscale 

computational tools have the potential to considerably reduce the 

time and cost for new superalloy development. 

1. Introduction 

The success for designing highly efficient aircraft engines largely 

depends on our ability to process materials that can withstand the 

demands of the high temperatures operating environment.  A 

tremendous amount of research has been devoted to finding new 

Ni-based superalloys, which are thermodynamically and 

structurally stable at higher temperatures and for longer periods of 

time.  Ni-based superalloys consist of ordered intermetallic ’-L12

precipitates embedded in a disordered face-centered cubic -fcc 

matrix.  The control of the + ’ two-phase microstructure and its 

high-temperature stability is the key to the successful 

development of superalloys with desired high temperature 

properties since the ’ precipitate volume fraction, morphology 

and size distribution in these alloys strongly affect their 

mechanical properties (e.g. strength, fatigue and creep).  The ’

precipitate morphology and spatial distribution are known to 

depend on a number of factors including the ’ precipitate volume 

fraction, alloy compositions, temperature, lattice mismatch 

between the precipitates and matrix, presence of dislocations and 

applied stress direction.  In current laboratory and industrial 

practice, the traditional trial-and-error method is still the major 

approach to optimizing the alloy chemistry and processing 

conditions for achieving desirable microstructures and mechanical 

properties of Ni-based superalloys.  This usually requires many 

long and expensive experimentations.  However, with the rapid 

development in computer hardware and recent advances in 

computational modeling, it is now possible to develop a set of 

computational tools for both fundamental materials research and 

design of new advanced materials.  

The main objective of this work is to combine various 

computational approaches to determine the relationships between 

chemistry and microstructure of single-crystal Ni-base superalloys 

at high temperatures.  In section 2 of this paper, the first-

principles approach is described for calculating the enthalpy of 

formation of compounds in the ternary Ni-Al-Mo system.  This 

ternary was specifically chosen because of the large amount of 

experimental data available in the literature on that system. The

thermodynamic, kinetic and lattice parameter database 

developments are presented in sections 3, 4 and 5, respectively, 

followed by phase-field modeling in section 6 and summary. 

2. First-principles calculations  

First-principles approach has become a powerful tool for 

calculating the energies of formation at 0 K for stable and 

metastable phases.  In the present work, the Vienna ab initio

simulation package (VASP)1 with the ultrasoft pseudopotentials 

and within the generalized gradient approximation (GGA)2 was 

employed to calculate the energies of formation for a number of 

selected compounds in the ternary Ni-Al-Mo system.  The energy 

cutoff is determined by the choice of  “high accuracy” defined in 

the VASP software.  Monkhost k points were used for the pure 

elements and the cubic phases and Gamma centered k points were 

used for the hexagonal phases. 

The calculated enthalpies of formation for the binary systems are 

listed in Table 1 together with the results calculated using the 

CALPHAD approach.  For the Al-Ni and Al-Mo systems, the 

calculated enthalpies of formation are in reasonable agreement 

with the CALPHAD results.  For the Ni-Mo system, however, the 

first-principles results indicate that the compounds Ni2Mo, 

Ni3Mo, Ni4Mo and Ni8Mo are stable at 0K as shown in Figure 1 

while the compound -NiMo is not stable at 0K.  The dotted-line 

in Figure 1 is the enthalpy of formation calculated using the 

model parameters by Cui et al.3, which is significantly different 

from the first-principles results.  The improvement of the 

thermodynamic modeling for the Ni-Mo binary system is thus 

required, which will be shown in section 3. 
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Figure 1. The calculated enthalpy of formation ( ) of the binary

Ni-Mo system and (---) of the compound -NiMo as a function of

the composition at 0K with the first-principles calculation results

-NiMo,  Ni2Mo,  Ni3Mo,  Ni4Mo, and  Ni8Mo

phases and the dotted-line (…) calculated using the parameters by

Cui et al. 3.

Figure 2. The calculated enthalpy of formation of the compound 

N using ATAT and VASP calculation with fixed content

(xMo=0.25) and Mo atomic positions. 

Two stable ternary compounds in the ternary Ni-Al-Mo system

were reported in the literature4-6, i.e. N-phase and X-phase.  For 

the compound N, we limited the starting geometry to the D022

structure with a fixed composition (xMo=0.25) and fixed positions

of Mo atoms. To search for the configurations with the lowest

energies, we employed the alloy theoretic automated toolkit

(ATAT) developed by van De Walle 7 combined with VASP.

Gamma centered k points was used and more than 65

configurations were studied. Due to the lack of structural

information, the first-principles calculation was not performed for

the compound X.

The calculated enthalpies of formation for some of the structures

found by ATAT are plotted in Figure 2.  It is noted that the lowest

point along the convex hull of energy is -38.17 kJ/mol located at 

66.7 at.% Al which coincides with the Al8NiMo3 stoichiometry.

Since the formation energy for Al8NiMo3 is lower than that of

Al5NiMo2 (-35.32 kJ/mol), the proposed stoichiometry of 

compound N by Schubert et al.6, the stable compound N is 

probably Al8NiMo3 rather than Al5NiMo2
6 and has a body 

centered orthorhombic unit cell with b/a = 2.322 and c/a = 3.009

(unit cell with 12 atoms), slightly distorted from those suggested 

by Schubert et al.6 for Al5NiMo2  with b/a = 2.26 and c/a = 2 (c/a 

= 3 if using unit cell of 12 atoms). 

Table 1. The calculated enthalpy of formation of the compounds in 

Ni-Al-Mo system, reference state:  Ni(fcc), Al(fcc) and Mo(bcc).

Total

nergy
Enthalpy of formation, kJ/mol 

Phase Structure

eV/atom
First-

principles
CALPHAD

Ni fcc -5.4827 0 0

Al fcc -3.6844 0 0

Mo bcc -10.827 0 0

Ref. 8

Al3Ni D011 -4.5597 -41.07 -48.48

Al3Ni2 D519 -5.0353 -60.93 -61.23

AlNi B2 -5.2459 -63.90 -60.83

Al3Ni5 oC16 -5.3795 -55.10 -54.36

Ni3Al L12 -5.4678 -41.93 -41.07

Ref. 9

AlMo3 Cr3Si -9.3130 -26.20 -21.44

AlMo B2 -7.1948 5.88 -4.19

Al8Mo3 mC22 -5.9881 -34.31 -37.50

Al3Mo mC32 -5.8119 -32.98 -32.00

Al4Mo Al4W -5.3931 -27.03 -27.51

Al5Mo Al5W -5.1330 -24.90 -23.18

Al12Mo Al12W -4.3725 -13.37 -10.7

Ref. 10

NiMo P212121 -8.2014 -4.49 -4.49

Ni2Mo Pt2Mo -7.3507 -8.35 -8.09

Ni3Mo D0a -6.9073 -8.54 -8.63

Ni4Mo D1a -6.6298 -7.55 -7.43

Ni8Mo Ni8Nb -6.1225 -4.44 -4.38

Ref. 11

3. Thermodynamic database development

The ternary Ni-Al-Mo system consists of three pure elements and

three binary systems.  The Gibbs energy functions of the pure

elements were taken from database by Dinsdale8.  The

thermodynamic database of the binary Ni-Al 9 and Al-Mo 10

systems in the literature were used in the evaluation of the ternary

Ni-Al-Mo system.  For the binary Ni-Mo and ternary Ni-Al-Mo

systems, the Gibbs energy functions of individual phases were 

evaluated with the first-principles calculation data and the

experimental data in the literature using the Parrot module 12 in 

Thermo-Calc13.  The calculated phase diagram of the binary Ni-

Mo system is shown in Figure 3.  The calculated enthalpies of

formation are plotted in Figure 1 and also listed in Table 1, which 

show good agreement with the results from first-principles 

calculations. The evaluation of the binary Ni-Mo system was 

discussed in detail in reference11.

The first-principles calculated enthalpy of formation for

Al8NiMo3 with the slightly distorted D022 structure is –

38.17kJ/mol at 0K, while the enthalpy of mixing of the Al8Mo,

AlMo3 and B2 phases is –41.49 kJ/mol and –40.62kJ/mol 

calculated by CALPHAD and the first-principles approaches,

respectively. This indicates that Al8NiMo3 is not stable at 0K.
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Figure 3. The binary Ni-Mo phase diagram calculated using the

parameters by Zhou et al.11.

A typical microstructure of the Ni-base alloys consists of the

dispersion of ordered intermetallic precipitate ’ particles

embedded in the  matrix.  Thermodynamic properties of the ’

and  phases provide the information for the phase equilibria,

phase stability, and driving force for internal processes under

various conditions, which is critical for the phase-field modeling.

Thus, the evaluation of the Gibbs energy functions of ’,  and

other phases are required. In this work, the thermodynamics of 

and ’ phases were modeled with a single Gibbs energy function

taking into account the crystallographic relation between the two 

phases9, 14.  For the  phase, its Gibbs energy has following

formula:

)Mo,Ni,Ali(G)xlnx(RTGxG m

xs

i

ii

i

iim

(1)

where R is the gas constant,
iG  the molar Gibbs energy of the

pure element i by Dinsdale8.  The second term is the ideal Gibbs 

energy of mixing.  is the excess Gibbs energy.  For the ’

phase, its Gibbs energy function is given as: 
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where  and are the site fractions of the element i in the

first and second sublattices.  corresponds to the Gibbs 

energy of the -fcc phase in equation 1.  is the

ordering energy, which is the difference between
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9, 18.  and  are

calculated using the same function but for the ordered and

disordered states, respectively. With the experimental data in the

literature supplemented by results from the first-principles

calculations, the Gibbs energy functions of individual phases in

the ternary Ni-Al-Mo system were evaluated as discussed in

details in reference
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m )x,x(G ii

ord

m

19.  The calculated isothermal section at 1473K 

is shown in Figure 4, in which the experimental data4, 15-17 are well

reproduced.

Figure 4. The calculated isothermal sections at 1473K in 

comparison with experimental data +4, 15, 16phase boundary

of the  phase; 4, 15, 16 phase boundary of the ’ phase; 15

single phase field; 15, 17 two phase field; 15, 17 three phase

field; 15 phase boundary of the B2 phase. 

4. Kinetic database development

The third step for the computational tools for designing Ni-based 

superalloys is to develop the kinetic and lattice parameter

databases.  Kinetic database is based on the mobility descriptions

of all components in different phases, and the diffusion mobility

 is modeled by following equations
iM

20:

)exp(
1
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i
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where
iG  is the activation Gibbs energy of component i.

is the activation Gibbs energy of component i with components j 

and m on the first and second sublattices.  and 

are the interaction terms.

mj

iG :

mkj

iG :, mnj

iG ,:

Based on the generalized Onsager flux equation20, 21, various 

diffusivities can be calculated by the thermodynamic database and

diffusion mobility database.  For example, the intrinsic diffusion

coefficient, Dkj (the diffusivity of component k with respect to the

gradient of component k), can be expressed as: 

Si j

i
iVaiik

Si j

i
iikikkj

u
Myu

u
MuuD )(  (5) 

where

Si

ikk xxu / ,
ik

 is the Kronecker-delta function,

Si  denotes that component i is substitutional and Si
interstitial. xk is the mole fraction of component k. i is the 
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chemical potential of component i calculated from the 

thermodynamic database as discussed in section 3. yVa represents

the site fraction of vacancy in the interstitial sublattice.

Similar to the thermodynamic database development, the

parameters describing the diffusion mobilities are extracted from

various experimental data, especially from the chemical and the

tracer diffusion coefficients.  A detailed description of the 

optimization procedure is referred to in reference20.

The previously assessed diffusion mobilities in Ni-Al system by

Engstrom and Agren22 are employed in the present work.  Based

on the work by Campbell et al.23 and additional experimental data, 

the diffusion mobilities in the Ni-Mo system were re-evaluated in

the present work.  For Al-Mo system, because of very limited

solubility range and experimental data, no interaction parameters

were adopted.

By combining the above mobility descriptions of binary systems,

kinetic modeling of the Ni-Al-Mo ternary can be carried out in a

similar procedure.  Since no experimental data was available on

the ternary alloy, no high-order interaction parameters are used in

present work.

5. Lattice parameter database development

A phenomenological modeling of the composition and 

temperature dependent lattice parameters in solid states has been

recently developed by present authors24, and used to construct the

lattice parameter database for the fcc phase in Ni-base

superalloys.

Lattice parameter modeling begins with the evaluation of the

thermal expansion coefficients of pure elements, which are then

used in calculation of their temperature-dependent lattice

parameters.  Similar to the Gibbs energy modeling in CALPHAD,

the lattice parameter is related to composition with the following 

equations:

aaxa ex

i

ii

0    (6) 

i ij

n

k

k

jiji

k

ji

ex xxIxxa
0

, )(  (7) 

where  denotes the lattice parameter of component i,  is

the excess contribution, and  describe the interaction between

components i and j.

ia0 aex

ji

k I ,

The model parameters can be evaluated from the available

experimental data.  Figure 5 shows the lattice parameter of the fcc

phase in the Ni-Al system calculated as a function of composition

at 298K.  Since there are no reliable experimental data available in

the Al-Mo system, the VASP calculations based on the GGA

potentials have been used to determine the interaction parameters.

In addition, results from first-principle calculations together with

experimental data were also used for evaluating the lattice

parameters of the Ni-Mo system.

By combining the evaluated constitutive binary systems and 

ternary experimental data, the lattice parameters of fcc phase in

Ni-Al-Mo ternary system are obtained by a similar approach. The

lattice parameter database of Ni-Al-Mo alloys developed covers

the whole composition and temperature range, including

experimentally uninvestigated regions.

Figure 5. The calculated lattice parameter of the fcc phase in the

Ni-Al system at 298K with experimental data 25-32.

6. Phase-field simulations 

The final step is phase-field simulation.  A recent important

development in computational materials science is the emergence

of the powerful phase-field approach33 for modeling phase 

transformations and microstructure evolution based on the

thermodynamic, kinetic and lattice parameter databases.  One of 

the main advantages of phase-field approach is that the temporal

evolution of any arbitrary microstructures can be predicted 

without any a priori assumptions about their evolution path.  For

simplicity, we consider a binary Ni-Al alloy as an example in

following discussions.  The model described below for binary Ni-

Al alloys is being expanded to the ternary and multi-component

systems.

The phase-field approach describes a microstructure by using a set 

of field variables. To distinguish the four types of ordered

domains of the ’ phase and the disordered  phase in a binary Ni-

Al alloy, we employed one composition field c(r,t) and four

artificial order parameter fields i(r,t) (i=1,2,3,4) to describe the

+ ’ two-phase microstructure. The / ’ interfaces are represented

by diffuse regions with a certain thickness where the phase-field

variables change continuously.  The total free energy of an

inhomogeneous microstructure described by the field variables is 

then given 34

drcfF
r

i

ii

2
2

2
),( (8)

where 2 is the gradient energy coefficient of the order

parameters.  The diffuse-interface region is regarded as a mixture 

of the precipitate phase and matrix phases with different

compositions but with equal chemical potentials 35
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where h( i) is a continuous function with values between 0 and 1. 

The chemical free energies of the precipitate and matrix phases, fp

and fm, were taken directly from the thermodynamic database

described in section 3.  For given composition c and order

parameters i, there exists a single solution pair of cp and cm that

satisfies Eq. (9).  The local free energy density of the system f(c,

i) is written as 

)(f)(wg

)c(f))(h1()c(f)(h),c(f

i

el

i

mm

i

pp

ii
 (10) 

where g( i) is the double-well potential, w the double-well 

potential height, and fel the elastic energy density.  The elastic

energy contribution to the morphological evolution and

coarsening kinetics of ’ particles, fel, can be obtained using the

microelasticity theory36.

The morphological evolution of ’ precipitates is obtained by

solving the two sets of kinetic equations34, 35:

i

i F
L

t

    (11)

c

F
M

t

c
  (12) 

where t is the time, M the diffusion mobility, and L the kinetic

coefficient for order parameter relaxation.  The diffusion mobility

term M is related to the atomic mobilities of Ni and Al, which are

obtained from the kinetic database as discussed in section 4.  The

value of L is selected to ensure that the ’ precipitate evolution

process is diffusion-controlled. Nucleation of ’ from the 

supersaturated phase was explicitly introduced into the system at 

the beginning of a phase-field simulation. Periodic boundary

conditions were assumed in the computational domain.  A semi-

implicit Fourier spectral method was used for numerically solving

these two sets of equations37, 38.

In our phase-field simulations, almost all the required modeling

parameters are either taken from databases or obtained from 

experimental measurements.  The Gibbs free energy and diffusion

mobility were imported from our thermodynamic and kinetic

databases.  Lattice mismatch was obtained from the lattice

parameter database.  Experimentally measured values used in the

simulation also include the interfacial energy and elastic

constants. The only disposable quantitative parameter is the

diffusive thickness of / ’, which determines the unit grid length

scale and correspondingly the maximum system size that can be

handled.  The unit time step is chosen to maintain numerical

accuracy and stability.  For a given temperature and alloy

composition, the morphological evolution pattern can be

simulated with real length and time scales.  Quantitative

information, such as the coarsening rate constant and particle size 

distribution, can also be analyzed from the output of the field

variable distributions.

Figure 6 shows the 3D morphological evolution of ’ precipitates

in a Ni-13.8 at.%Al alloy at a temperature of 1023 K.  The initial 

state was a homogeneous solution with small composition

fluctuations around the average composition.  The volume

fraction of the ’ phase at the four different aging times in Figure

6 is approximately 9-12%, which is very close to the equilibrium

volume fraction of 10%.  Precipitate coarsening is clearly seen in

Figure 6 where the number of particles in the computational

domain decreases from about 2500 at t=15 min to 110 at t=8 hr.

Shrinking and growth of precipitates, as well as the coalescence of

two neighboring domains, are observed.  Driven by the reduction

of the interfacial energy and elastic energy, the average precipitate

size grows, accompanied by a change of particle shape from

spherical to cuboidal, rod-like, or plate-like at later stages.  The

shape change from spheres to cubes occurs when the average

particle size is around 20-25 nm at an aging time about 2-4 hr,

which is in good agreement with experimental observations39.

Figure 6. Morphological evolution of ’ precipitates from 3D 

simulations in a Ni-13.8at%Al alloy aged at 1023 K (a) t = 15

min; (b) t = 2 hr; (c) t = 4 hr; (d) t = 8 hr.  Computational.

A comparison of the average ’ particle size evolution obtained

from phase-field simulations and experiments39 is shown in Fig. 7

by plotting 3

0

3 aa versus t in a logarithmic scale, where a is

the average cube edge length, t is the aging time, and 
0a is a

constant related to the average particle size at the beginning of

coarsening. In this figure, the rate constant, or coarsening rate, can

be evaluated from the intercept with any line parallel to the
3

0

3 aa axis. While the cubic growth law is observed in both 

simulations and experiments, the coarsening rate determined from 

simulation results was approximately 20% higher than the

experimentally determined value. With all possible errors

considered including the inaccuracy of simulation parameters

such as the interfacial energy, diffusion mobility and lattice

mismatch, and systematic errors in the experimental

measurements, the agreement of average particle size evolution

obtained from simulations and experiments is excellent.
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Figure 7. Average particle size as a function of time plotted as
3

0

3 aa versus t in a Ni-13.8at%Al alloy aged at 1023 K, 

experimental data and the fit of experimental data from 

reference39.

6. Summary

A set of integrated computational tools was developed

successfully to predict the relationships between the chemistry

and microstructure for Ni-Al binary and Ni-Al-Mo ternary alloys.

The thermodynamic, kinetic and lattice parameter databases were

developed with the first-principles calculation results and the

experimental data in the literature. The microstructures of  and

’ phases were modeled using phase-field technique with an

interface to the thermodynamic and kinetic databases.  The 

calculated results on ’ coarsening are in good agreement with

existing experimental data on binary alloys. The computational

tools can be extended to multicomponent Ni-base superalloys.
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